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SUMMARY

Smoothed particle hydrodynamics (SPH) is becoming increasingly common in the numerical simulation
of complex fluid flows and an understanding of the errors is necessary. Recent advances have established
techniques for ensuring completeness conditions (low-order polynomials are interpolated exactly) are
enforced when estimating property gradients, but the consequences on errors have not been investigated.
Here, we present an expression for the error in an SPH estimate, accounting for completeness, an expression
that applies to SPH generally. We revisit the derivation of the SPH equations for fluids, paying particular
attention to the conservation principles. We find that a common method for enforcing completeness violates
a property required of the kernel gradients, namely that gradients with respect the two position variables
be equal and opposite. In such models this means conservation principles are not enforced and we present
results that show this. As an aside we show the summation interpolant for density is a solution of, and
may be used in the place of, the discretized, symmetrized continuity equation. Finally, we examine two
examples of discretization errors, namely numerical boundary layers and the existence of crystallized
states. Copyright q 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Complex free surface fluid flows are important in many areas in engineering and science. With the
power of computers available today it has become feasible to simulate these processes numerically.
The gridded Eulerian methods that have become ubiquitous in computational fluid dynamics
(CFD) are natural candidates for such applications because they are well understood and source
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codes are common. Lagrangian particle-based methods are relative newcomers to the stable of
numerical methods and it is appropriate to consider whether they offer better performance for such
tasks.

In Lagrangian particle-based techniques the model domain is discretized by defining control
masses which are often called particles. Such models must use the Lagrangian formulation, in
which the motion of the particles is accounted for, when changes in the fluid properties are
determined. When calculating the gradients of properties there is no stationary mesh to refer to
and so the methods are called ’meshless’ or ’meshfree’. Smoothed particle hydrodynamics (SPH)
is one of the earliest examples of a meshless method [1, 2], but it is predated by the generalized
finite difference method by a number of years [3]. The first application of a meshfree method
to free surface fluid flows was conducted by Monaghan [4] using SPH and was followed by the
SPH variant moving particle semi-implicit (MPS) [5]. The generalized finite difference method
has also been applied to fluid flows, notably by Tang et al. [6], who simulated 3-d blood flow in
deformable arteries.

The model of Monaghan [4] was used to simulate breaking waves, among other things, but at
relatively low resolutions. Koshizuka et al. [5] also used their MPS model to simulate breaking
waves, at comparable resolutions to Monaghan’s simulations, and experienced similar problems,
in particular flows had rough-free surfaces. Bonet and Lok [7] and Bonet et al. [8] created SPH
models in which first-order completeness was enforced, meaning that first-order polynomials are
reproduced exactly. Their simulations showed remarkable reductions in noise with smooth-free
surfaces and regular particle distributions.

Monaghan [9] estimated the error in an SPH interpolant, but failed to account for the lack of
completeness that SPH interpolants typically experience [10]. An expression for the total error
in which the order of completeness is accounted for has not yet been given in the literature.
This expression would be of some value since it determines how simulation parameters should
be chosen. In correcting their SPH mode for completeness, Bonet et al. [8] used modified kernel
gradients, but with the standard SPH equations. The problem with this approach is that modified
kernels no longer have the property that gradients with respect to their two position arguments
are equal and opposite, a property required of kernels in these equations. In this work, we say a
kernel satisfying this condition is anti-symmetric in its gradient operators. The failure to meet this
condition results in the failure to satisfy the conservation principles.

Here, we demonstrate how the SPH equation for mass conservation may be derived, showing
how the condition of anti-symmetric gradient operators for kernels arises, and why it results in
the failure to satisfy conservation principles if it is not met. We present results from simulations
that show this non-conservation. In some SPH models, rather than discretizing the continuity
equation, mass conservation is enforced by employing the summation interpolant (an equation that
can be used to approximate an integral using disordered points) for the density. We review the
justifications for this decision, making particular reference to the distinction between local and
global conservation of mass. We show that the replacement is justified, because it is a solution to
the discretized continuity equation.

Originating at the smallest scale within a simulation are two forms of error in SPH that result
in large-scale artefacts, namely crystallized states [11] and numerical boundary layers [4]. To
demonstrate this we present results from a simulation of a seiching basin in which a large stagnant
layer is visible. We note that while boundary layers have been observed in the past, an explanation
for their existence has not yet been given. We provide an explanation for why boundary layers occur
in SPH simulations, and moreover, present results showing how these layers can have additional
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negative consequences. In a simulation of a solitary wave breaking on a plane beach we observe
a numerical boundary layer, and moreover, a jet within this layer. These layers may be avoided
through appropriate choice of the kernel.

2. BASIC SPH THEORY

The summation interpolant is the basis for discretization in SPH and we begin this section with
an analysis of the error in this quantity. We continue by examining the derivation of the SPH
equations from the conservation principles.

2.1. Discretization and error in a summation interpolant

To examine the rate of convergence for a summation interpolant we first need an expression
for the form of the error. We start by introducing the integral interpolant (indicated by the
subscript I ):

�I (ra, t) =
∫
V

�(r, t)W (ra, r, h) dr (1)

in which � is an unspecified fluid property, ra is a position vector and r is a dummy position
variable. The variables used in this expression are shown graphically in Figure 1. The volume
element at r is dr and the variable of integration is r. The domain V is a volume, area or line
segment, depending on dimension. The kernel W (ra, r, h) is an arbitrary peaked function with
width parameter h (named the smoothing length) and is non-zero only within its support, a subset
of the total domain. Here, we consider only the case of uniform and time-invariant h. When the
support is finite and small the kernel is said to have a compact support. Kernels are generally
constructed to have this property to save on computations. An example of a common kernel is the

Figure 1. Notation used in this paper. The volume element at r is dr and while the
support of the kernel at ra is shown here to be a circle, it is actually a sphere in three

dimensions (with radius 2h if Equation (2) is used).
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cubic spline [12]

W (qa) = 10

7�h2

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1 − 3

2q
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a + 3

4q
3
a , 0�qa�1

1
4 (2 − qa)

3, 1<qa�2

0, 2<qa<∞
(2)

in which qa = |ua| for ua = (ra − r)/h and where the kernel has been normalized for two dimen-
sions.

In the limit as h → 0 the kernel has zero width and becomes a delta function. In this limit
the integral interpolant is exact. The integral interpolant is still a continuous function and is
discretized through approximating the integral to obtain the summation interpolant (indicated by
the subscript S):

�S(ra, t) =
M∑
b=1

mb

�b
�(rb, t)W (ra, rb, h) (3)

in which the summation is over the M disordered points within the support of the kernel and where
�b, rb and mb are the density, position and mass of fluid particle b. In the limit as M → ∞ and
h → 0 the summation interpolant becomes exact. Note that in an SPH simulation the value of M
may vary between particles and, for a single particle, it may also change with time. This means
the error will vary in both space and time. In an SPH model, the errors may be quite large because
h>0 and M is small. In practise, we will reduce h and increase M until we have a solution for
which the error is small enough.

2.1.1. The error in the summation interpolant. In approximating an integral using an SPH estimate
an error is introduced. If the points are random, then the error is O(M−1/2) [13], but in an SPH
simulation points are not random. Monaghan [14] considers that in SPH simulations this estimate
of the error does not converge quickly enough, and notes that if the estimate can be considered as
being a quasi-Monte Carlo estimate then the error reduces as O((lnM)d−1/M) [13]. Quasi-Monte
Carlo estimates require that the domain be a unit cube in d dimensions and that the points be
distributed in one of the special prescribed sequences [13] (a Halton sequence being an example).
In SPH domains are rarely unit cubes (usually being spherical), and points are unlikely to occur
in one of the prescribed sequences. Monaghan [9] conjectures that for initially regular particle
distributions (presumably being close to one of the prescribed sequences) the errors are small, and
reasons that they must remain so.

Exactly what the error is for a summation interpolant depends on the distribution of points.
Quinlan et al. [15] recently used the Euler–MacLaurin formula to estimate this error for regular one-
dimensional distributions, and their approach holds promise for the more difficult cases of higher
dimension and increased disorder common in SPH. Until more work has been done examining
the particle distributions that occur most frequently in SPH, it is not clear what form of error we
should use. For simplicity, we use O( f (M)), so the error is C f (M) for C is an unknown but
bounded constant.

We now derive an expression for the error in the summation interpolant. The approach used
here is only slightly different to that existing in the literature [9], but it clearly shows the role of
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completeness. A Taylor expansion of �(rb) about ra in Equation (3) gives

�S(ra, t) = �(ra, t)
M∑
b=1

mb

�b
W (ra, rb, h) + ∇T

ra�(ra, t)
M∑
b=1

mb

�b
(ra − rb)W (ra, rb, h)

+ 1

2

M∑
b=1

mb

�b
(ra − rb)TH�(n, t)(ra − rb)W (ra, rb, h) (4)

in which Lagrange’s form for the remainder has been used so n lies in the support of the kernel
at ra , and the superscript T shows the transpose has been taken. Here all vectors are column
vectors. The matrix operator H is the Hessian matrix, so the i j th element is �2/�xi �x j . Kernels
are usually chosen so that they may be written as W (ra, rb, h) =W (qab) where qab = |uab| for
uab = (ra − rb)/h, and this is done here. The summations in Equation (4) can be recognized as
the discretized forms of certain integrals, so

�S(ra, t) = �(ra, t)
(∫

V̂a
W (qa) dua + C ′

1 f (M)

)

+
(
h∇T

ra�(ra, t)
∫
V̂a

uaW (qa) dua + C ′
2h f (M)

)

+
(
1

2
h2
∫
V̂a

uTa H�(n, t)uaW (qa) dua + C ′
4h

2 f (M)

)
(5)

where V̂a is the volume of the support in ua-space, ua is the variable of integration with volume
element dua . Here C ′

1, C
′
2 and C ′

4 are constants with respect to h and M and the integrals have
values that are independent of ra , h and M . At this point we place on the kernel the conditions that
the first and second integrals appearing in Equation (5) (which are, respectively, the zeroth and
first moments of the kernel) evaluate to 1 and 0, respectively. We also require the second moment
of the kernel to have a finite value. If these requirements are satisfied then Equation (5) becomes

�S(ra, t) =�(ra, t)(1 + C ′
1 f (M)) + (0 + C ′

2h f (M)) + (C ′
3h

2 + C ′
4h

2 f (M)) (6)

in which the C ′s are functions of � (and hence of ra and t) and its derivatives but are constant
with respect to M and h.

If we choose the kernel so that the estimates of the zeroth and first moments of the kernel are
exact (essentially C ′

1 =C ′
2 = 0) then the summation interpolant is first-order complete because it

can approximate linear functions exactly. If only the estimate for the zeroth moment is exact (so
only C ′

1 = 0), then the summation interpolant is zeroth-order complete because it can approximate
constants exactly. The use of the kernel given in Equation (2) does not result in either zeroth- or
first-order completeness.

2.1.2. Convergence rates for summation interpolants. The number of points within the support
of the kernel can be estimated from M ≈CNhd , where d is the number of dimensions, N is the
total number of points and C is a constant depending on the lengths, areas or volumes of the total
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Table I. The most significant errors in a summation interpolant, according
to the order of completeness it achieves.

Order of completeness Constants Error N (h)

Not zeroth All non-zero O
(

1√
Nhd

)
N (h)∝ h−(2k+d)

Zeroth C1 = 0 O
(

h√
Nhd

)
N (h)∝ h−(2k+d−2)

First C1 =C2 = 0 O
(

h2√
Nhd

)
N (h)∝ h−(2k+d−4)

Note: The constants from Equation (7) that are zero are also shown for each
case. The final column indicates how N (the total number of particles in the
simulation) must be scaled with h to achieve convergence at the rate hk , for
k ∈ 0, 1, 2. For simplicity, we use f (M)= 1/

√
M and M ∝ Nhd .

domain and the support. For the case of f (M) = 1/
√
M (corresponding to points with a random

distribution) Equation (6) becomes

�S(ra, t) =�(ra, t) + C1√
Nhd

+ C2h√
Nhd

+ C3h
2 + C4h2√

Nhd
(7)

where Ci =C ′
i/

√
C for i ∈ {2, 3, 4} and C1 =C ′

1�(ra, t)/
√
C . The most significant term depends

on the order of completeness that is achieved, and examples are given in Table I. This equation may
be used to generate expressions for the form of N (h) in order to achieve a desired convergence
rate.

The expressions for N (h) are of particular importance since they indicate how N must scale
with h in order to achieve a convergence rate of hk . We note that the error in the summation
interpolant is dependent on the distribution of points, and that if the quasi-Monte Carlo error of
O((lnM)d−1/M) is used an analytic solution for N (h) cannot be obtained.

We conclude this section by noting that summation interpolants can always converge provided
N is chosen carefully for a given h, but that there is a trade off between convergence rate and
computational workload. When completeness is not achieved the workload is very high.

2.1.3. Gradients from summation interpolants. Equation (6) gives the error in an SPH interpolant,
however, in SPH the problem lies in estimating the gradients of properties. By using the identity

∇r�(r, t)W =∇r (�(r, t)W ) − �(r, t)∇rW (8)

and Gauss’ theorem, the gradient in a function can be estimated from [12]∫
V

∇r�(r, t)W dr=
∫
S
�(r, t)Wn dS −

∫
V

�(r, t)∇rW dr (9)

in which W =W (ra, r, h), S is the surface of V and has the surface element dS and outward
pointing normal n at the point r. We also have, for the divergence of a vector∫

V
∇r · w(r, t)W dr=

∫
S
w(r, t) · nW dS −

∫
V
w(r, t) · ∇rW dr (10)
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SPH has been applied extensively to astrophysical problems, and in simulating these phenomena
the assumption is made that either the function � or the kernel are zero on S. In applications of
SPH to free surface fluid flows the same assumption has been applied, a step which introduces
errors at the boundaries. We are not aware of any SPH models for free surface fluid flows in which
surface integrals are included.

The kernel given in Equation (2) has an inflection point between the origin and the edge
of the support. When Equations (9) and (10) are used with a kernel having such an inflection
point, artificial clustering results [16], an effect that is closely related to the well-known tensile
instability [17, 18]. This effect is manifested in a simulation as an unphysical cluster of closely
packed particles surrounded by a region with too few particles. It comes about because at the
inflection point there is a maximum in the gradient. Essentially, the force with which two particles
repel one another reaches a maximum at that point, and then reduces as the particles are brought
closer together. When it occurs artificial clustering is a significant source of error in SPH.

Methods have been developed in order to ensure estimates for property gradients are first-order
complete. In one such method the kernel is modified so that for particle a the corrected gradient
of the kernel at b is given by [8]

∇̃rbW (qab) =La[∇rbW (qab) + ea�ab] (11)

in which the summation convention does not apply. To use this correction method, the corrected
kernel gradient replaces the uncorrected kernel gradient in the standard SPH equations. The matrix
La and the vector ea�ab (�ab is the Kronecker delta) are found by requiring that the zeroth- and
first-order completeness conditions are satisfied.

In Section 2.2.2 the SPH equation for conservation of mass is derived and it is demonstrated that
anti-symmetry of the gradient operators (∇ra and ∇rb , defined in Equation (16)) acting on the kernel
is required. If the correction method described above is used this condition is violated. Uncorrected
kernels usually obey ∇raW (qab) = −∇rbW (qab), a result of being chosen to be radially symmetric.
The corrected kernel gradient does not obey this property because it has a factor that is a function
of xa , rather than qab.

In addition, it is commonly asserted that the force of particle a acting on particle b is, in
part, determined by the value of ∇raW (qab), and consequently Newton’s third law requires
∇raW (ra, rb, h) =−∇rbW (rb, ra, h) (note the order of the arguments). Clearly, when using this
correction method this condition will only be satisfied if La =Lb, unlikely because it requires that
the two particles have the same distributions of neighbours.

2.2. Conservation principles

All computational models for simulating fluids are based on the fundamental principles of physics
[19, 20]. The principles of relevance here are the principles of conservation of mass, energy, momen-
tum and angular momentum [20]. The principles of conservation of energy and angular momentum
are not always used in CFD models, because they are not always independent of the other prin-
ciples. For many applications the equations of conservation of momentum and mass represent
an irreducible set.

Here, we make the distinction between local and global conservation. If a condition holds locally
everywhere, then it holds at each and every point within a domain. The term global is used to
describe a condition that applies to the entire system. If a condition is satisfied locally everywhere
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then it is also satisfied globally, but the converse is not true: a global condition being met does
not mean that the corresponding local condition is satisfied.

2.2.1. The material derivative. Fundamental to the Lagrangian formulation used in particle-based
methods is the material derivative

D�(r, t)
Dt

= ��(r, t)
�t

+ v(r, t) · ∇r�(r, t) (12)

which describes the time rate of change of � following the motion of the fluid where v is the velocity
of the fluid. This is just the total derivative with respect to time evaluated at the Lagrangian point r,
a point for which dr(t)/dt = v(r(t), t). The partial derivative with respect to time in Equation (12)
is evaluated with the spatial coordinates held constant.

2.2.2. Conservation of mass. The equation of conservation of mass can be written as

D�(r, t)
Dt

=−�(r, t)∇r · v(r, t) (13)

If this differential equation is satisfied at every point r within the model domain, and irrespective
of whether the system is closed or not, then mass is conserved locally everywhere.

SPH is almost always used with the constraint that the masses of particles must remain constant
in time. This is most easily enforced by requiring that the boundaries of particles be Lagrangian,
convected with the fluid, and so no mass flows over those boundaries. It may be shown that, by
integrating Equation (13) over the volume Va(t) we have

�ma

�t
= 0 (14)

So for particles with Lagrangian boundaries, having constant mass is sufficient to enforce local
conservation of mass. However, this does not provide the required information about the variable
�, for which we need another expression.

In the following we derive the SPH equation usually used to enforce conservation of mass, a
derivation that closely follows that of [9], but here we account for the time-dependent domain. We
first multiply Equation (13) by the kernel W =W (ra, r, h) and integrate over the domain:

∫
V (t)

D�(r, t)
Dt

W dr=
∫
V (t)

��(r, t)
�t

W dr +
∫
V (t)

v(r, t) · ∇r�(r, t)W dr

= −
∫
V (t)

�(r, t)∇r · v(r, t)W dr (15)

We note that the gradient operators ∇r and ∇ra are defined by

∇r = �
�rx

i + �
�ry

j + �
�rz

k and ∇ra = �
�rax

i + �
�ray

j + �
�raz

k (16)

In the first of these ra and t are held constant, while in the second r and t are held constant. For
the operator �/�t both ra and r are held constant. The dummy variable r is a position vector that

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2008; 56:37–62
DOI: 10.1002/fld



SPH FOR FLUIDS 45

takes on the values of all positions within the domain of the system, and as such, is independent
of time. The operator ∇rb is similarly defined. The velocity of the point ra is given by

v(ra, t) = dra(t)
dt

(17)

in which d/dt is the total derivative with respect to time. Note that the position of the Lagrangian
point ra depends only on time.

By applying Equation (8) to the term �(r, t)v(r, t) appearing in Equation (15) we can write

�
�t

∫
V (t)

�(r, t)W dr= −
∫
V (t)

∇r · [�(r, t)v(r, t)W ] dr

+
∫
V (t)

�(r, t)v(r, t) · ∇rW dr +
∫
S(t)

�(r, t)Wv(r, t) · n dS (18)

in which the last integral occurs because [21, p. 439]
�
�t

∫
V (t)

�(r, t)W dr=
∫
V (t)

��(r, t)
�t

W dr +
∫
S(t)

�(r, t)Wv(r, t) · n dS (19)

a direct consequence of the time dependence of the domain. The vector n is the outward pointing
normal vector on the surface element dS at r. The first and third integrals on the right-hand side
of Equation (18) cancel after an application of Gauss’ theorem. Adding v(ra, t).∇ra�I (ra, t) to
each side gives

D�I (ra, t)
Dt

=
∫
V (t)

�(r, t)[v(ra, t) · ∇ra + v(r, t) · ∇r ]W dr (20)

Most kernels are constructed so the kernel gradients obey ∇rW = −∇raW (the condition of
anti-symmetric kernel gradient operators), so we get

D�I (ra, t)
Dt

=
∫
V (t)

�(r, t)[v(ra, t) − v(r, t)] · ∇raW dr (21)

A summation interpolant may be used to approximate the integral and the discretized continuity
equation results:

D�a
Dt

=
N∑

b=1
mb(va − vb) · ∇raW (qab) (22)

in which �a = �(ra, t), va = v(ra, t), the mass of particle b is mb and N is the total number of
particles in the system. The summation can be performed over N , rather than M , because for
points not in the support the kernel gradient is zero.

This derivation was presented here to show how the condition of anti-symmetric kernel gradient
operators comes about. In addition, we have shown that there are no boundary integrals when the
continuity equation is discretized in SPH.
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2.2.3. Global conservation of mass. If global mass is conserved in a system then the difference
between flows of mass into and out of the system are equal to the change in mass within the system.
For a closed system no mass may enter or leave the system anywhere, neither over boundaries,
nor through sources or sinks within the system. Local conservation of mass is a more stringent
requirement, placing a condition on the divergence of the mass flux density (�v) via the continuity
equation.

It is relatively easy to show that (for a closed system) by integrating Equation (21) with respect
to r over the entire domain we get, where M is the global mass

�M
�t

= 0 (23)

which is a statement of global conservation of mass. This was noted by Monaghan [9] who,
incidentally, asserted that the continuity equation resulted in conservation of mass both globally
and locally everywhere.

In traditional SPH the continuity equation is often replaced by the integral interpolant for the
density

�I (ra, t) =
∫
V (t)

�(r, t)W (qa) dr (24)

which is discretized using Equation (3) to become the summation interpolant for the density. Either
of the integral or summation interpolants for the density may be integrated over the entire domain
to obtain M = M . Both Gingold and Monaghan [1] and also Lucy [2] assert that the M = M means
Equation (24) is equivalent to conservation of mass, but more correctly it is equivalent to global
conservation of mass.

2.2.4. The summation interpolant for density. It turns out that the summation interpolant for
density can still be legitimately used in SPH and will enforce local conservation of mass. Starting
from the discretized continuity equation (22), we integrate from time t1 to t2 to obtain

�a(t2) − �a(t1) =
∫ t2

t1

N∑
b=1

mb

[
dra
dt

− drb
dt

]
∇raW (qab) dt (25)

This becomes

�a(t2) − �a(t1) =
∫ t2

t1

N∑
b=1

mb
dW (qab)

dt
dt (26)

We require the mb to be constant with respect to time so the total derivative may be moved outside
the summation and this becomes

�a(t2) − �a(t1) =
N∑

b=1
mbW (qab)

∣∣∣∣
t2

t1

(27)

If

�a(t1) =
N∑

b=1
mbW (qab(t1)) (28)
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then

�a(t2) =
N∑

b=1
mbW (qab(t2)) (29)

and so the summation interpolant for density satisfies the discretized continuity equation.
The low accuracy, Monaghan [4], observed using this expression is partly a result of the lack of

completeness in the estimate. Correcting the summation interpolant for density for completeness
would be a difficult task because of the existing requirement of anti-symmetric kernel gradient
operators. If the summation interpolant for density is used then the error introduced is for the
density, while if the discretized continuity equation is used the error is for the rate of change in
the density, the latter error being much smaller.

2.2.5. Conservation of momentum. The equation of conservation of momentum can be discretized
in a similar manner to that shown for discretizing the continuity equation, although the non-linear
term requires some special attention [9]. The SPH equation for conservation of momentum is given
by [4]

Dva
Dt

= −
N∑

b=1
mb

(
Pb ± Pa
�a�b

+ �(a,b)

)
∇raW (qab) + g

+
∫
S(t)

(v(r, t) · n)v(r, t)W (qa) dS − 1

�a

∫
S(t)

P(r, t)W (qa)n dS (30)

in which �(a,b) is an artificial viscosity introduced to improve numerical stability and to mimic
physical viscosity. The subscript (a, b) indicates that the viscosity term has a functional dependence
on the properties of both particles a and b. In the derivation of Equation (30) it is assumed that the
kernel gradient operators are anti-symmetric and that the kernel itself is normalized. The boundary
integrals that are usually neglected are the last two terms in Equation (30), the first of these coming
from accounting for the time-dependent boundary in dva/dt , and the second from using Gauss’
law on the right-hand side.

The Pa term that appears in Equation (30) is zero in the limit as N approaches infinity, and
so may be added or subtracted, hence the ±. Monaghan [22] asserts that to use − means linear
momentum will not be conserved but that for constant pressures the gradient estimate is exact. It
seems to us that an error is of less importance than the failure to conserve momentum, and so we
use the form with +.

The form of the viscosity term is somewhat arbitrary and many different schemes have been
proposed. The scheme used by Monaghan [4] in his paper describing simulations of breaking
waves is

�(a,b) =−�

h

(ca + cb)

(�a + �b)

(va − vb) · uab
(q2ab + �)

×
{
1 (va − vb) · uab<0

0 (va − vb) · uab>0
(31)

where ca is the speed of sound for the particle a. The term � is added artificially to avoid
singularities that occur whenever qab = 0, and generally � = 0.01. The quantity � can be related
to the kinematic viscosity of the fluid [23], but the value used depends upon the application [4],
0.01 being likely.
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A problem with this viscosity model is that it was designed to account for stability and shock
capturing and it appears that it contributes to the unphysically dispersive nature of fluids in SPH
simulations that use it [24]. More sophisticated techniques are required to accurately account for
the turbulence in fluids [25].

2.2.6. Neglecting the boundary integrals. In Section 2.2.2, the SPH equation for conservation of
mass was derived, and the lack of boundary integrals was noted. This is a convenient result but is
not true for the SPH momentum equation (30).

If the position ra is far enough from the boundary that W (qab) is zero for all points rb on the
boundary, or if the fluid property of interest is zero along the boundary, then the boundary integral
is zero. For bounded, free surface fluid flows neither of these two conditions are satisfied for all
particles.

The first boundary integral in (30) contains the term v · n, and on stationary boundaries we
can apply the zero mass flux boundary condition v · n= 0, so these integrals may be neglected.
However, not all boundaries are stationary. The free surface is a significant example of this, as are
moving surfaces such as wave makers. The second boundary integral in (30) may be neglected on
the free surface by an application of a zero-pressure boundary condition, but on other surfaces it
is non-zero. The neglect of these surface integrals is not justified.

2.2.7. The error in the SPH equations. Using methods similar to those in Section 2.1.1 it is not
too difficult to show that the discretized continuity equation (22) reduces to

D�a
Dt

= − �a
N∑

b=1

uTab Jvauab
qab

dW (qab)

dqab

mb

�b
+ O(h) + O(h · f (N )) (32)

in which uab is a column vector and Jva is the Jacobian of va which has terms independent of b.
Also, we have used the fact that

∇raW (qab) = − uab
hqab

dW (qab)

dqab
(33)

It is useful to define the matrix

E = −
N∑

b=1

uab ⊗ uab
qab

dW (qab)

dqab

mb

�b
(34)

in which ⊗ is the outer (or tensor) product. If [Jva]i j is the i j th term of Jva then Equation (32)
can be rewritten as

D�a
Dt

= �a
d∑

i=1

d∑
j=1

[Jva]i j Ei j + O(h) + O(h · f (N )) (35)

In the limit as N → ∞ the O(h · f (N )) error tends to zero and E → I , meaning the summation
in Equation (35) is equal to ∇ra · va so we have

D�a
Dt

= − �a∇ra · va + O(h) (36)

Both of the terms O(h) and O(h · f (N )) in Equation (32) have factors of the first and second
derivatives of � and v and so are zero if � and v are constants, in which case the estimate is
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zeroth-order complete. In general, however, E �= I and the O(h) and O(h · f (N )) errors are less
significant than the non-unitary factor multiplying ∇ra · va . The error introduced by this factor
may be characterized by the determinant of E , a measure of the failure to achieve zeroth-order
completeness.

The SPH momentum equation is actually easier to deal with than that for mass in this analysis.
It is useful to define the vector

d=
N∑

b=1

uab
qab

dWab

dqab

mb

�b
(37)

Starting with (30) and by neglecting the boundary and viscosity terms for simplicity and performing
a Taylor expansion on Pb, it can be shown that

Dva
Dt

= − 1

�a

N∑
b=1

(
±Pa + Pa + ∇TPa(ra − rb) + 1

2
(ra − rb)T[HP(n, t)](ra − rb)

)

× uab
hqab

dW (qab)

dqab

mb

�b
+ g (38)

where the Lagrangian form for the remainder has been used. This simplifies to

Dva
Dt

=−∇TPa
�a

E − (1 ± 1)
1

h

Pa
�a

d + g + O(h) + O(h · f (N )) (39)

The (1 ± 1) factor relates to the ±Pa appearing in Equation (30). The benefit in using the −
form means that (1 ± 1) is identically equal to zero, while if the + form is used this error term
dominates, actually diverging with h. We characterize this error by |d|. In the limit as N → ∞,
d→ 0 and E → I so

Dva
Dt

=−∇Pa
�a

+ g + O(h) (40)

irrespective of which form is used. If we were to use the − form then, like the mass equation,
the error is determined by the deviation of E from I . However, we still need to use the + form
because the − form results in the non-conservation of momentum [9].

2.2.8. Conservation of energy. For a system with constant temperature the principle of conservation
of energy is not independent of the principles of conservation of mass and momentum. As such,
energy conservation is achieved automatically, without being enforced, but still provides a useful
and intuitive method for checking the model is behaving reasonably. The total energy for particle
a is given by

ea =maua + 1
2mav

2
a + magza + ma�a + mae�,a (41)

in which the terms are the internal, kinetic, gravitational and boundary potential energies, and the
energy dissipated by viscosity, respectively. Here g is the acceleration due to gravity, za is the
height of the particle with respect an arbitrary reference level and the boundary force for particle
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a is found from the gradient of �a , the boundary potential. The specific internal energy of each
particle can be calculated from [4]

Dua
Dt

= 1

2

N∑
b=1

mb

(
Pa
�2a

+ Pb
�2b

)
(va − vb) · ∇rbW (qab) (42)

or by integrating the definition for pressure, du/d�= P/�2 [26], with respect to � from a reference
density to �a . The viscous dissipation is given by [4]

De�,a

Dt
= 1

2

N∑
b=1

mb�(a,b)(va − vb) · ∇rbW (qab) (43)

which may be integrated over time using any time-stepping method. Here we use a two-stage
predictor–corrector technique.

Global conservation of energy requires that the global energy (
∑N

a=1 ea) be constant in time
for a closed system. This provides a useful check for gross errors in the source code, and for the
quality of a simulation.

2.2.9. Conservation of angular momentum. If a system contains a number of particles which are
subject to Newton’s third law, and forces between each pair of particles are central (they act in the
same direction as the vector separating the particles) then the equation of conservation of angular
momentum can be derived. But not all forces (magnetic and viscous, for example) are central, and
when this condition is relaxed the equation of conservation of angular momentum is independent
of the equations of conservation of mass and momentum and can no longer be derived. However,
in most SPH applications this is not accounted for, and this paper is no different.

As such conservation of angular momentum is rather like conservation of energy in that it is
not required but provides a useful method for identifying mistakes in source code and perhaps
quantifying the quality of a simulation. We stress the point that here we test for global conservation
of angular momentum obtained from

T =
N∑

a=1
mara × va (44)

2.2.10. Updating positions and the XSPH variant. Monaghan [27] introduced the XSPH variant
to improve the simulation of fluids with free surfaces. Essentially, this term performs velocity
smoothing. Rather than using Equation (17) for updating particle positions we use

dra
dt

= va + �
M∑
b=1

2mb(va − vb)W (qab)

�a + �b
(45)

in which the factor 0��<1 is an arbitrary parameter. In this work wherever XSPH is used we take
�= 0.5.

3. MODEL RESULTS

Vaughan [28] developed an SPH model that is used here to generate results which demonstrate
various types of error that occur in SPH simulations. The discretized continuity equation is used for
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enforcing conservation of mass rather than the summation interpolant for the density. Boundaries
are created using the method described by Monaghan [4] where boundary points are specified
whose sole role is to exert a force on free particles—they have no mass and carry no energy. The
time-stepping method is a two-stage predictor–corrector. Pressure is calculated from the equation
of state used by Monaghan [4], which means the fluid is arbitrarily compressible. First-order
completeness can be achieved optionally in the calculation of property gradients by the kernel
gradient correction [8]. XSPH [27] can also be used if desired. Having just argued that boundary
integrals should not be neglected that is exactly what we do here. The difficulty lies in identifying
where exactly the boundaries are and what their velocities are. This problem is not trivial and is
not solved here.

The first simulation we describe is the evolution of an elliptic drop. In this simulation the
improvements achieved by correcting for completeness are demonstrated, namely reduced variations
in density and smoother surfaces.We also show the non-conservation of global energy in simulations
corrected for completeness.

A seiche in a rectangular basin is simulated, demonstrating the consequences of the choice for
the kernel made here, and particle stacking, an example of a discretization error. Finally, breaking
waves on plane-sloped beaches are simulated, and an interesting feature of the flow is noted:
toothpaste jets, which are unphysical jets within boundary layers.

3.1. The evolution of an elliptic drop

Monaghan [4] described a relatively simple simulation, the evolution of an elliptic drop, that has
since been examined by Bonet and Lok [7] and by Vaughan [28]. Essentially, we create a two-
dimensional circular drop of water from SPH particles, and we specify initial particle velocities
chosen so that the drop remains elliptic in time, getting longer and narrower.

The merit in repeating this simulation here is that it provides a useful comparison against
both a sound theoretical result, and against results from other SPH models. Accurate numerical
solutions for the semi-minor and semi-major axes can be readily obtained and compared to the
SPH simulation.

The simulations performed here follow closely the method used by Monaghan [4]. Points are
placed on the vertices of a rectangular grid, and all those lying outside a circle (radius 1, centred
at the origin) are removed, leaving a total of 1884. Initial velocities are linear in space, given by

(vx , vy) = 100(−rx , ry) (46)

The density of the water is taken as 1000 kgm−3 and artificial viscosity is not used. The reference
speed of sound is 1400m s−1 (slightly less than the measured value of around 1500m s−1), chosen
in an attempt to keep density variations low. The full set of results for these simulations appear in
Vaughan [28].

3.1.1. Particle positions. The same initial state was used to generate four simulations, each using
different parameters, namely, using SPH without modifiers, using SPH with XSPH, using SPH
with a kernel gradient correction (CSPH, see Equation (11)), and lastly using the kernel gradient
correction and the XSPH variant to get CXSPH. Figure 2 shows particle positions from each of
the simulations at the same time. It is clear that the SPH simulation has by far the least evenly
distributed particle positions. Close examination reveals that distributions are more even in the
XSPH simulation, CSPH even more so and CXSPH the best of all. There is not a lot of difference
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Figure 2. The effects of the XSPH and CSPH variants on the evolution of an elliptic drop. Particle
positions are shown at t = 8.2ms. Only the top right quarter of each ellipse is shown for clarity, the other
quarters being rather similar. Particle distributions are far more regular for CSPH and XSPH than for

SPH, but the CXSPH simulation is the best of all.

between the best three, however, and it is not entirely clear that more uniform particle distributions
indicate a more accurate simulation.

3.1.2. The semi-major axis. Here, we estimate the semi-major axis from the positions of the
highest and lowest particles. This approach is somewhat sensitive to fluctuations in the positions
of these particles, but provides sufficiently good results. Figure 3 contains a plot of errors in values
for the semi-major axis taken from the simulations performed here, along with values taken from
both Monaghan [4] and Bonet and Lok [7]. The error is given by

100
(b − bsim)

b
(47)

in which b is the value of the semi-major axis from theory and bsim is the value from which ever
simulation is being examined.

There are slight differences in the models used to generate Figure 3. It is not clear whether
Monaghan [4] used XSPH or viscosity to obtain his simulations, and the time-stepping methods
are not the same for all models, since Bonet and Lok [7] used a leap-frog method, and while
Monaghan [4] used the same predictor–corrector method used here, he updated the velocity before
the density (the opposite to the procedure used here). Notably, Bonet and Lok [7] used a different
initial state (points placed regularly on the boundary of a unit circle and randomly but evenly
distributed within the circle). It is relatively easy to estimate the error introduced by the failure to
have a point lying on the y-axis, and it is found to be less than 0.05% for all times. This is not
significant and actually improves the results of the simulations run here.
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Figure 3. Error in values of the semi-major axis for the elliptic drop simulations. The error is the deviation
from the exact value, expressed as a percentage difference, from Equation (47). The data marked Bonet
and Monaghan are from Bonet and Lok [7] and Monaghan [4], respectively. Simulations from all sources

show errors of similar magnitude.

Clearly, simulations from all of the different sources show errors of similar magnitude. Of
the simulations performed here it is somewhat surprising that the most accurate estimate for the
semi-major axis was obtained using SPH. That other tests of accuracy (discussed in the following
sections, they are maximum variation of density and conservation of energy) show the SPH
simulation to be poor lead us to conclude that estimates of the semi-major axis cannot be used as
the sole indicator of error.

3.1.3. Variation in density. Monaghan [4] estimates the magnitude of the variation in density to be

��

�
≈ v2max

c2ref
(48)

Here cref = 1400m s−1 is the reference speed of sound and vmax = 100m s−1 is the maximum
likely velocity, so the maximum density variation is 0.5%. Figure 4 shows the maximum density
(the largest difference from 1000 kgm−3 as a percentage, 100× |�max−1000|/1000) against time.
Notable are the excellent results from the CSPH and CXSPH simulations, in which the maximum
density variations are almost constant. The variations for both the XSPH and SPH simulations
grow almost linearly, at a much higher rate in the SPH simulation. For the SPH simulation (as can
be seen in Figure 2), and to a lesser extent for the XSPH simulation, artificial clustering can be
seen. This is a likely cause for the high variability in the density in these simulations.

3.1.4. Global conservation of energy and angular momentum. Figure 5 shows the global total,
internal and kinetic energies (gravity is turned off) for the system. In all of the simulations a
periodic exchange of energy between the internal and kinetic modes can be observed, a result
of the compressibility of the fluid. For the XSPH and SPH simulations the global total energy
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Figure 4. The maximum deviation of density from the standard density (1000 kgm−3)
as a percentage, for the elliptic drop simulations. Curves for CSPH and CXSPH are

indistinguishable and remain safely under the predicted 0.5%.

Figure 5. The global total, internal and kinetic energies against time for each of the
elliptic drop simulations. Note the different vertical scale of the SPH plot. In CSPH

and CXSPH global energy is not conserved, a significant problem.
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is conserved almost exactly since the corresponding curves are straight, horizontal lines. For the
CSPH and CXSPH simulations global energy is not conserved, and so energy is not conserved
locally either, a significant problem. This substantiates our assertion that the errors introduced by
using kernel gradient correction result in the failure to satisfy the conservation principles.

3.1.5. Local errors in the SPH equations. In Section 2.2.7 quantities were given that describe the
magnitude of errors in the SPH equations, being det(E) and |d|. The closer these are to 1 and
0, respectively, the closer the gradient estimate to being zeroth-order complete. In the CSPH and
CXSPH simulations E = I and d= 0 exactly, but for those methods E and d do not describe the
error.

In Figure 6 we show log10(|d|) for the XSPH simulation (results for the SPH simulation are
similar but slightly worse). Data for det(E) are similar and are not shown here. For the majority
of particles the error is smaller than 10−1, but a significant number have an error greater than 1.
That the worst errors occur at the surface is problematic.

3.1.6. Concluding remarks on the elliptic drop simulations. The results presented here indicate
that the model completed the elliptic drop simulation to an acceptable level, and compares well
to other SPH models in the literature.

Density variations and particle distributions are best for the CSPH and CXSPH simulations,
worse for XSPH and worst of all for SPH. Distributions in the initial states are regular and should
remain so, and consequently failure in this should be considered symptomatic of the occurrence
of error. As to what is acceptable variation in density is an issue of tolerance (variation may
be reduced by enforcing a higher speed of sound) and does not represent and absolute rule for
accuracy, but the trend of variation increasing far beyond the anticipated limits in SPH and XSPH
simulations is a definite problem.

Global energy is conserved in the SPH and XSPH simulations but is not when CSPH or CXSPH
are used, a major problem.

For SPH and XSPH the fact that E �= I and d �= 0 mean errors are high, especially at surfaces,
and can be attributed to the lack of completeness.

Ideally, the best attributes of both CSPH and SPH would be combined to create a complete
and conserving SPH method, but this will not be achieved here. The failure to conserve energy
represents a far more fundamental concern than large errors, poor particle distributions and high-
density variations. From this point on CSPH and CXSPH are not used.

3.2. A seiching basin

This is a simple simulation we used extensively in the development of our model, because it
runs to completion quickly, but still has many interesting features. The simulation is simply a
rectangular basin containing still water with an initially sinusoidal free surface that is allowed to
evolve. The amplitude of the wave is too high to be considered a linear wave and it is not likely
that the wave is permanent (does not change shape as it propagates), but we can anticipate that the
basin will seiche for a number of times before the wave energy disperses and the seiche amplitude
drops.

The basin is approximately 90m long and 13m deep, and is initialized with a sinusoidal wave
with a 180m wavelength, shown in Figure 7. Particles are placed at the vertices of a rectangular
grid and those above the sinusoidal free surface are discarded, leaving 2994 free fluid particles. The
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Figure 6. Errors in the XSPH simulation of the elliptic drop at 8.2ms. On the left the distri-
bution of values of log10(|d|) for all particles is shown, a measure of the leading error term in
the SPH momentum equations (30). A contour plot of log10(|d|) for one quarter of the domain
is shown in the right-hand plot. Clearly the error is largest at the edges of the drop. Note the

distorted axes ratio used for clarity in the right-hand plot.

Figure 7. The initial state of the seiching basin (top) using 2994 points with all velocities set to zero.
The global energies are shown in the bottom left plot. The time between two adjacent energy maxima is
half a seiche period. The bottom right plot shows the spectrum obtained from the gravitational potential
energy. The full vertical lines are the periods for the first three modes predicted from Merian’s formula

and the dotted lines show the associated uncertainties.
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density is 1000 kgm−3 and particles are initialized with zero velocity. Viscosity is used (Equation
(31)) with � = 5× 10−4, the time step is 0.5ms, the smoothing length is 2m. Using the XSPH
variant did not improve results significantly and is not used. A more extensive set of results is
available in Vaughan [28].

3.2.1. Global conservation of energy. In Figure 7 the global energies are shown for the seiching
basin. The periodic exchange between kinetic and gravitational potential energies is evident, as
is the decreasing amplitude of the seiche, for the most part a result of the poor viscosity model
used. Note the increasing amount of energy dissipated by viscosity and that there are only small
variations in boundary potential energy. Like the gravitational potential energy, the internal and
boundary potential energies are relative, and are plotted here so that their lowest value is zero.
This means all global relative energies are positive and plots accentuate the variation in energy,
rather than the actual value found for some other arbitrary reference level.

It can also be seen that there is an early drop (between 0 and 2 s) in the gravitational potential
energy, predominantly caused by artificial clustering that occurs early in the simulation along the
bottom boundary. That the global total energy is not constant is a result of the accumulation of
numerical errors, most significantly those resulting from time stepping.

3.2.2. Merian’s formula. Merian’s formula

T = 2L

n
√
gH

(49)

gives the periods for linear modes in a seiching basin. The fundamental mode corresponds to n = 1
which is specified in the initial state. The mass (and hence surface) of a single particle has an
unknown distribution, and so the free surface of the fluid and the positions where it meets the
boundaries are not specified by sharp interfaces. This means there is some uncertainty as to the
values for length and depth that are required here. Here, we specify the length to be 90.63±0.51m
and the depth to be 13.78 ± 1.24m. The period of the nth mode is 15.59/n ± 0.71/n s.

The period of the seiche can be determined by examining the global gravitational potential
energy, and performing a fast Fourier transform. A spectrum generated in this way is shown in the
right-hand plot of Figure 7. The peak in the spectrum corresponding to the fundamental frequency
is indicated, and has a period of 16.76 s. The peak of the spectrum is in close agreement with the
value from Merian’s formula, but occurs at a higher period. This is partly a result of crystallized
states.

3.2.3. Crystallized states. Crystallized states occur in SPH simulations as approximately triangular
arrays of particles. Essentially, given the chance, particles will stack on each other like oil drums.
These states were observed and named by Lombardi et al. [11] who termed the tendency of
particle distributions in SPH to enter these states as spurious transport of energy. These states can
be observed in the simulations here as small features (approximately 10 particles) which do not
flow as they should.

Figure 8 shows a simulation in which the particles are in a crystallized state. Here the fluid
has been discretized with particles of 2666 kg, has a density of 1000 kgm−3, the speed of sound
is 1500m s−1, and the smoothing length is 0.9m. Particles are initially 3m from their nearest
neighbours so the stack is around 8m high. Artificial viscosity is not used and gravity is turned
on. It is essentially a triangular distribution of particles for which the kinetic energies have been
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Figure 8. The initial state of the stacking simulation. Three rows of boundary particles (the triangles)
were found to be required in order that particles be constrained. Particles are stable in these positions for

a considerable time. The fluid fails to flow because particles are in a crystallized state.

smoothed, and once started, the simulation stays in its initial state for some time. Eventually
numerical errors accumulate and a few particles gain enough energy to escape the stack. This
simulation shows that crystallized states occur in fluid simulations and can cause clearly unphysical
manner.

The simulation used to generate Figure 7 had particles initially distributed on a rectangular grid.
To emphasize the role of crystallized states, the seiching basin simulation was re-run with particles
initially placed on a triangular grid. Three rows of boundary particles were used to ensure particles
did not leak through. Particle positions are shown for one time step in Figure 9. Note the sloping
parallel lines of particles that occur at the bottom of the basin; lines which swap direction as the
seiche oscillates from one side to the other. This is a result of particles entering into crystallized
states.

In Figure 9 the interpolated velocity profiles along a vertical line at the centre of the basin
(x = 45m) are plotted for a number of times, with each curve being shifted along the x-axis. The
zero-velocity curves are shown by the dashed lines. For each time the velocities predicted from
linear wave theory [29] are also shown (the chained lines), and clearly these vary only slightly
from being constant with depth. The boundary layer caused by crystallized states can be seen at
the bottom, where velocity profiles do not portray expected behaviour.

In the seiching basin with initially rectangularly distributed points crystallized states are less
likely, however, they may still be present. If they are, they will cause a decrease in the apparent
depth, increasing the periods of the modes. Note that in Figure 7 the period predicted by Merian’s
formula is lower than that observed in the simulation. Crystallized states are not the only mechanism
by which layers are formed at boundaries of SPH simulations, but may contribute to the high seiche
period observed here.

3.3. Numerical layers at boundaries and toothpaste jets

In this section, we briefly examine toothpaste jets, a surprising feature that can occur in some
SPH simulations. Monaghan [4] observed layers beside boundaries in some simulations, but
these remain unexplained. They can be avoided by using kernels with monotonically decreas-
ing gradients (because they are, in part, caused by artificial clustering), but they are an interesting
result.

Figure 10 shows the initial state (top) of a solitary wave incident on a plane beach with slope
1:15, drawn from a simulation that features these layers. The surface elevation and initial velocities
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Figure 9. The seiching basin with an initially triangular distribution of points (top), in which the fluid
particles are the dots and the boundary points are the triangles. At 3.2 s (centre) a stagnant layer has
formed at the lower boundary. In this plot the direction of the flow is shown by the arrow. The bottom
plot shows velocities interpolated along the line at x = 45m. For each time the velocity curve from the
simulation (the full line) has been shifted along the x-axis, as have the chained lines which show the

velocities predicted by linear wave theory.

are obtained using a second-order solitary wave solution [30]. The layer at the boundary is evident
in the central plot, as a layer of closely packed particles next to the beach. The arrows are the
velocity vectors of particles within this layer, and show the existence of a jet within the layer. The
layer is not physical, and should not be called a boundary layer which would confuse it with the
real physical phenomenon.

The layer is a result of the compressibility of fluids in SPH. In order that a pressure gradient
be generated that opposes gravity, a density gradient must be generated. Whether the densities of
particles must increase or decrease depend on whether the densities in the initial state are under-
or over-estimated. In order that the density increase at any particular point, the particles must
become more closely packed. Where a particle has many neighbours each needs only to move a
relatively small distance to cause an increase in the density, but where a particle has few neighbours
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Figure 10. The initial particle positions (top) for the solitary wave simulation. The free surface
and velocities are prescribed using a second-order solution [30]. The lower two plots show
detail of particle velocities at 2.4 s when the peak of the wave is at 7.7m. The unphysical
layer next to the boundary is clear in the middle plot, and it is within this layers that a
toothpaste jet can be seen, causing the flow up the beach in the lowest plot. The velocity

vectors in the lower plot are shown at a larger scale than that used in the centre plot.

they must move much more. Essentially, gravitational potential energy is transformed to become
internal (compressive) energy.

The greatest increases in density are required by particles adjacent to the bottom, where the
number of neighbours drops sharply because there is less fluid within the supports of those par-
ticles. Where particles are more closely packed they are more likely to cluster. So the layer
can be considered as being a single, long, cluster. But where clusters can still move (they
behave as super-particles with high mass and density) the near-wall layer is constrained to
remain next to the boundary. Indeed, if the boundary were not there they would not have
formed.

The weight of the moving wave crest causes a region of high pressure at the sea floor. As
the wave crest propagates towards the beach so too does the high-pressure zone, progressively
squeezing the layer. Being constrained to remain within the layer, this squeezing results in particles
being accelerated horizontally within the layer, rather like toothpaste being squeezed from a tube:
toothpaste jets.

These jets affect this simulation in two ways. Firstly, they cause the acceleration of a thin layer
of particles up the slope, well ahead of the wave. This means estimates of wave run-up are difficult
to make. Secondly, with the smoothing that is the means by which SPH works, they provide a
mechanism by which momentum is passed from under the wave crest to the toe of the wave,
disrupting the breaking process.
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4. DISCUSSION AND CONCLUSIONS

We have revisited the error analysis of the SPH interpolant that provides the basis for discretization
in SPH and have derived expressions for the error that depend on the degree of completeness that
is achieved. If zeroth-order completeness is not achieved the error is O( f (N )), which does not
converge with h, whereas if first-order completeness is achieved the error is O(h2 · f (N )). An SPH
estimate may converge at any chosen rate but the degree of completeness achieved determines the
number of computations required. For the SPH equations we find that the errors are O(h−1 · f (N ))

and O(h · f (N )) for the cases of not-zeroth and first-order complete kernels, respectively. This
result emphasizes the importance of completeness.

When derived by the standard method, if the time dependence of the model domain is accounted
for, the SPH equation for mass conservation has no boundary integrals, a useful result given that
they are always neglected. It turns out that the summation interpolant for density is a solution
to the discretized mass conservation equation. The boundary integrals for the SPH momentum
equation do not cancel and cannot obviously be neglected but they are nonetheless. We show that,
in the course of deriving the SPH equations, an anti-symmetry condition for the two gradient
operators acting on the kernel arises. A method by which completeness may be enforced results
in the violation of the fundamental conservation principles because this condition is not satisfied.
A complete and conserving SPH would be useful.

We present results that demonstrate how discretization errors can cause features in simulations
far larger than the scale at which they originate. In particular, we show that crystallized states may
be present in fluid simulations meaning that stagnant pockets and layers occur. An explanation
is provided for the occurrence of numerical boundary layers that have been observed in some
simulations. We show evidence of a previously unseen effect, where an unphysical jet exists
within this layer, significantly influencing the behaviour of the system. Avoiding these layers and
jets is as simple as using a kernel with a monotonically decreasing gradient.
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